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Experimental observations show that the zero-field ground state of honeycomb-layered cobaltates is
an incommensurate spiral order with an ordering wave vector along the I' = Mline. However, in the
presence of a magnetic field, the incommensurate magnetic phase becomes unstable and the quantum
spin liquid phase becomes stable in this class of materials. Here, the central question we address is
how to realize the incommensurate order theoretically. For this purpose, we are interested in
studying the generalized Kitaev-Heisbenerg model and investigating the interplay effect between
conventional Heisenberg and bond-dependent exchange interactions on the stability of the
incommensurate spiral order. Our results show that the interplay between the second neighbor
Heisenberg interaction and bond-dependent exchange interactions play a vital role in the stability of
incommensurate phases. The competition between the second nearest nearest-neighbor interaction
and the off-diagonal bond-directional exchange for BaCo,(As0O,), may place this material in
proximity to a quantum spin liquid phase. The quantum spin liquid can be accessible for

BaCo,(As0,), in the presence of an external magnetic field.

1. Introduction

Two-dimensional (2D) magnets without long-range
order have blossomed into a rich area for investigation,
which have been studied for many decades, starting by
investigating the effects of disorder in spin glasses [1,2] and
resonant valence coupling modes in frustrated magnetic

materials [3,4]. 2D frustrated spin systems with § = ihave

lately attracted great interest due to their potential for
realizing the quantum spin liquid (QSL), a magnetically
disordered state which respects all the symmetries of the
systems, even at absolute zero temperature [4,5].

Aside from the fascinating physics of QSLs, according to
the resonating valence bond theory of Anderson, QSLs are
the parent state for high-temperature unconventional
superconductors. Various quantum materials are proposed
to host this nontrivial collective phase due to extreme
quantum fluctuations where frustration induces a
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macroscopically-degenerate ground state at the classical
level [6,7]. It should be noted that QSLs originating from
geometrical frustration in triangular, kagome, and
pyrochlore lattices or quantum spin models with frustration
can generate a macroscopic ground state degeneracy,
resulting in strong quantum fluctuations. These frustrations
driven spin configurations behave as liquid and do not
exhibit long-range magnetic order even at absolute zero
temperature.

Honeycomb lattice Kitaev materials in which bond-
dependent exchange interactions between spins induce
strong quantum fluctuations and frustrate spin
configurations. Kitaev-QSLs may exist in spin-orbit coupled
Mott insulators due to the interplay between spin-orbit
coupling and three-fold rotational symmetry of a
honeycomb lattice giving rise to the bond dependent Ising-
type interactions (Kitaev-type exchange interaction)
between nearest-neighbors [8]. Most recent studies on the
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Fig. 1. (Color online) A sketch of a honeycomb lattice, which is
composed of two triangular sublattices as denoted by white and black
circles. Nearest-neighbor interactions labeled by the x, y, and z bonds.

Kitaev materials are devoted to 4d and 5d ions with large
spin-orbit coupling such as Ru3* and Ir** [9,10]. However,
in this class of materials, due to relatively large non-Kitaev
interactions, the magnetic ground state of these systems at
low temperatures is different from the Kitaev spin liquid
phase [11-17].

Recently, cobalt compounds with a honeycomb structure
have received massive attention [18,19]. Theoretical studies
show that the spin model of this class of materials consists
of the bond-dependent Ising interactions on the honeycomb
lattice [20,21]. The experimental observations report that
its magnetic ground state is an incommensurate spiral order
along the I' = M high-symmetry within the first Brillouin
zone (FBZ). Measurement of heat capacity, magnetization
and also neutron scattering studies of Kitaev materials
3d”with a honeycomb structure such as
BaCo,(As0,),(BCAO) [22,23] show that its magnetic
ground state is an incommensurate spiral order along the
I' - M high-symmetry line of the FBZ [24].

Honeycomb-layered cobaltates Ba,Co0,(4s0,) is
promising new candidates to realize the Kitaev spin liquid
state. The experimental observations report that its
magnetic ground state is an incommensurate spiral order
along I' - M the high-symmetry line of the FBZ. Different
experimental studies reported the pursuit of the QSL phase
for a finite range of magnetic fields between low-field
magnetic order and the high-field trivial state in the Kitaev
honeycomb magnet Ba,Co,(A4s0,) [24]. The search for the
intermediate field-induced a gapped topological spin liquid
in Ba,Co,(As0,), that hosts free Majorana edge modes, by
the promise of application of its excitations in topologically
protected quantum computation [25-27].

The microscopic origin of the incommensurate spiral
order in the BCAO remains unclear. In this paper, we are
interested to map out the magnetic ground states of
generalized Kitaev-Heisenberg model that are realized
classically. To investigate the importance of the off-diagonal
exchange interactions in describing the ground state of
BCAO theoretically, we here use the Luttinger-Tisza (LT)
analytical method [28,29].

2. Model and method

In the Kitaev materials such as BCAO with spin-orbit
coupled pseudospin-1/2 degrees of freedom, we consider
the generalized JKIT’ model on a honeycomb lattice as
[30,31]:

H = Z Z Jn(SES) +S7'S) + SESP

n=12<ij>n
+ By Dty [KSIS] + T(SESF + 5P 5] 1)

here, Jand K are the conventional Heisenberg and
Kitaev interactions, respectively, while T' and I are the
symmetry-allowed off-diagonal exchange interaction. The
first summation on nstands for the first and second
Heisenberg exchange interactions. In addition, the
summation on y associated with the nearest-neighbor
bonds on the honeycomb lattice with y € {x, y, z} and Siy is

L1 Lo
the y-component of spin- 5 operator at site . On z bonds

(a,B,v) = (x,y, 2) and for the x and y bonds obtained with
cyclic permutation. The three bond types (x,y,z) are
marked by three different labels in Figure 1. For the sake of
simplicity, we here assume J; = 1.

The LT method is a way of finding the ground state of a
classical quadratic Hamiltonian. By Fourier transformation
of the spins and the couplings, one can find a matrix
representation for a quadratic spin Hamiltonian in the
Fourier space. To diagonalize the matrix representation of
the quadratic spin Hamiltonian, Eq. (1), which is obtained
by using Fourier transformations, give the stable magnetic
configurations for the different constant couplings, as will
be discussed in more details below. Note that we here imply
the weak constrain, Y;|s;|%instead of the constraint of fixed
spin length at each site. Here, N is the number of lattice
points.

Honeycomb lattice is composed of the two triangular
sub-lattices  (Figure 1), therefore the Fourier
transformations of the spins for each sublattice become as

2 iGR: @ : Co _
Sig, =V2/NXze' Sz with the sublattice index [=
A,B. Here, R; indicates the translational vectors of the
triangular Bravais lattice and % is the number of primitive

cells. Substituting the above transformations into the
classical Hamiltonian, Eq. (1), we can obtain the
Hamiltonian in terms of the Fourier components as:

_ T
H= Z YT HG¥;
7

S,
with W5 = <f"> )
SB(?
where g belongs to the FBZ. The H, matrix is defined as
_ Fq Gq
a | ot
Gq Fq
which
] 1 00
=2
F = > 0 1 0fny
0 01
and
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Fig. 2. (Color online) Classical phase diagram of the Kitaev-Heisenberg
(KJ) model in the K — ], plane. The solid curves denote the first-order
phase boundaries.
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To write Eq. (2) in terms of the normalized eigenmodes
of H, leads us to the following simple quadratic form:

6
H=) > %150 ©)
q v=1

in which 47 presents the eigenvalue of Hq with the v —th
eigenvector as follows

Vo AV
HoWy = Aq W,

and the spin structure factor, §iv, defined as

v = wid.
In this method, in order to obtain the spin
configurations for the set of coupling constants in Eq. (1),
we need to find a global minimum 2o.
Using the weak constrain in the momentum space, the

classical energy (Eqg. 3) can be reexpressed as:
H = N, +ZZ(A}§—AO) E (4)
q v+0

To minimize this classical energy, the second term in Eq.
(4) should be equal to zero due to (/1“; - /10) > 0. For this
purpose, the coefficients 5‘3’ with v #0 need to be
eliminated that these generic conditions allow us to realize
the spin configurations corresponding to the ground state.
It is worth mentioning that if the LT method results in one
or more possible spin configurations that fulfill the strong
constraint, the physical ground state of the system is found.

3. Results and discussion

Kitaev-Heisenberg (KJ) model: To consider the J; —J,
antiferromagnetic (AFM) Heisenberg model, we find Neel-

type AFM state for J, < %. For this case, the minimum of the
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Fig. 3. (Color online) The Fourier-transformed energy of the KJ
model within the FBZ for various values of the J,and K terms: (a)
J; =01,K=0,(b),=023,K=0(c)J, =04,K=-05(d)/, =
0.4,K =05,(e)J, =—0.2,K =-0.2,(f) J, = 0.6,K = —0.5. The
inner white hexagonal in (b) denotes degenerate manifolds of spin
spirals in momentum space.

Fourier-transformed energy appears at the AFM point, as
shown in Figure 3(a). Beyond J, = é, the classical ground
state is infinitely degenerate, i.e., the ground-state manifold

of the model consists of a set of spiral states characterized
by incommensurate wave vectors, so called as classical

spin liquid (CSL). The CSL state for J, > % hosts a massive

ground-state degeneracy with any wave vector g within the
FBZ that satisfies the following relation [see Figure 3 (b)]:

o N3
cos(q?) cos(7qy) + ECOS(Qx)
1 3 (5)

~ 16,2 4

where these wave vectors form contours in the momentum
space around the I' and K points for% <J, < %and% <J, <
1, respectively [32].

Now, we proceed to present a comprehensive study of
the J; — J, model in the presence of the Kitaev term with
both ferromagnetic (FM) and AFM interactions. It is noted
that A,Ir0; [33-35] and a — RuCl; [37-41] have been
suggested to show a large FM Kitaev exchange interaction.
However, honeycomb-layered cobaltates Na;C0,Sh0Og and
Na,Co,TeOg are promising new candidates to realize the
FM Kitaev interaction [42,43]. Figure 2 illustrates the
classical phase diagram of the K] model in the plane K and
J,. For the case of the AFM Kitaev (K > 0), the stability

region of the Neel order does change, but for J, > %the

infinite degeneracy in the ground state can be lifted by the
AFM Kitaev interaction and only the magnetic order with
an incommensurate wave vector along the I' = K high-
symmetry lines of the FBZ, as shown in Figure 3(d). In this
case, the location of the energy minimum closes to the K-
point along the I' = Kdirection with increasing J,, but the
location of the energy minimum does not change with
variation of the Kitaev interaction. This incommensurate
spiral phase occupies a large part of the phase diagram for
K > 0, labeled as I_k in Figure 2. It is worth mentioning
that the ground state degeneracy remains intact for J, =

zleven for when we consider the AFM Kitaev interaction.
For the case of K < 0, our results indicate that the ground
state phase diagram includes four distinct phases [Figure
2]: two commensurate phases (labeled as Neel and Stripy)
and two incommensurate orders (called I-_, and I, g). It
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Fig. 4. (Color online) Real-space ordering for some spin configurations
in (a) the Neel, (b) the spiral, (c) the stripy, (d) thel _g, (e) thel _y,
and (f) thely,_xphase.

is noted that the stability region of the Neel phase is
decreased by increasing K — —1, so that the Neel phase is
completely disappeared at K = —1. Within this notation,
the stripy phase described by g = M, as shown in Figure
3(c). In addition, an intermediate incommensurate phase
with the energy minimum along the I' = M [see Figure
3(e)] can be appeared as an intermediate phase between
the stripy phase and the commensurate Neel phase, which
is called a Ir_, phase. Our results show that a subtle
interplay between the AFM Heisenberg and FM Kitaev
exchange interactions plays a decisive role in the stabilizing
of the I' — Mpoint incommensurate order (Ir_,,). It should
be mentioned that the phase difference (8) between the
two spins within each unit cell deviates from 6 = m in the
Neel state boundary to 8 = 0 in the stripy phase boundary.

ForJ, > 21, the energy minimum is located alongthe M — K

[see Figure 3(f)], which labeled a I,_xphase. Real-space
ordering of spin configurations associated with the
classical phase diagram of the KJ model are illustrated in
Figure (4).

Kitaev-Heisenberg-I" (K]JT") model: Here, we mainly focus on
the stability of the I._, phase due to the interplay effect
between Heisenberg (J) and off-diagonal bond-directional
(I' ) exchange interactions. Noted that we consider only
I'>0. It is worth mentioning that the off-diagonal
I’ interaction is identified to come from the spin-orbit
coupling has a positive sign, indicating AFM behavior in
Ba,Co,(As0,) [44]. For the special case with K = 0 [Figure
5(a)], our results show that the I-_,, state appears for 0.2 <
J> <0.5and all values of I' € [0,1]. To minimize the
classical energy, we find that the minimum energy
solutions for /, < 0.2 corresponds to g = I'. As a result, the
off-diagonal interaction enhances the stability region of the
Neel order. For J, > 0.4, the classical phase diagram of the
KJI model for given K = 0 includes three distinct phases:
(i) the I' — Kpoint incommensurate order (I;_g) for I' <
0.2, (ii) the M — Kpoint incommensurate order (I_x) for
0.2 <TI <04, and (iii) the 120°rder for I > 0.4. The
120°order described by q = K and g = K'for which the
two sublattices are completely decoupled. In the presence
of the Kitaev interaction, it is found that the interplay effect
between the bond-directional exchange interactions favors
the stability of a stripy order rather than the I' — M point

incommensurate order (Ir_j) in the classical limit, as
shown in Figures 5(b-c).
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Fig. 5. (Color online) Classical phase diagram of Kitaev-Heisenberg-I'
model in the I' — J, plane for the various values of the Kitaev term: (a)
K=0,(b)k=1,and(c0)K =-1.

4. Conclusions

In this work, we present a theoretical study of BCAO
using the classical LT method. We investigated two
theoretical models: the KJ model and the KJI' model. We
indicate that the interplay effect between the Heisenberg
and bond-directional exchange interactions play a crucial
role in the stability of the I' — M point incommensurate
order (Ir_p)-
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