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This study investigates the thermoelectric properties of pristine armchair germanene nanoribbons 

(AGeNR) and those defected by quantum antidot arrays (AGeNM). The researchers employed a tight-

binding model and the non-equilibrium Green’s function formalism to conduct the study. AGeNM 

structures were created by introducing quantum antidot arrays in the form of symmetric and 

asymmetric rhomboid shapes in the central region of the pristine nanoribbons and their electrodes. 

The study reveals that different AGeNMs exhibit varying band gaps, influencing their electronic and 

thermoelectric behaviors. It is important to note that the presence of quantum antidot arrays 

introduces scattering of electrons and phonons in the nanoribbons, resulting in new thermoelectric 

properties such as the Seebeck coefficient, electrical conductance, electron and phonon thermal 

conductance, and ZT factor. The symmetry of the quantum antidot array shapes significantly 

influences the system’s thermoelectric properties. The study paves the way for the development of 

more efficient nanoscale thermoelectric devices. 
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1. Introduction 

Currently, the thermoelectric properties of nanoscopic 
systems have attracted a lot of attention. This is due to the 
potential to convert heat into electrical energy at the 
nanoscale in these systems [1-3]. The efficiency of a 
thermoelectric device is generally characterized by the 

figure of merit 𝑍𝑇 =
𝑆2𝐺𝑇

𝐾
, where S is the Seebeck coefficient, 

G is the electronic conductance, T is the temperature, and K 
is the total thermal conductance, including contributions 
from both electrons and phonons. The ideal thermoelectric 
material has a high Seebeck coefficient S and a low thermal 
conductance K [4-6]. Both electrons and phonons play roles 
in the heat current. Hence, thermal conductance can be 
written as 𝐾 = 𝐾𝑒 + 𝐾𝑝ℎ [7, 8]. Therefore, decreasing the 

thermal conductance through increasing the scattering of 
phonon and electron can be one of the most promising ways 
to advance thermoelectric materials [9, 10]. The scattering 
of phonons and electrons, and consequently, figure of merit, 
can be enhanced via approaches such as synthesizing 
nanostructures and nanocomposites, and doping materials 

[9, 11-15]. Theoretical predictions [16]  and experimental 
findings [17] have demonstrated that in comparison to bulk 
materials, low-dimensional or nanoscale systems can 
display much higher ZT values. This feature can result in a 
positive outlook for thermoelectric applications [18-20]. 
Furthermore, the presence of quantum antidots in different 
materials causes the scattering of electron and phonon-
defect. As a consequence, the thermal conductance 
significantly decreases [21]. Quantum antidot arrays have 
been the issue of recent experimental research. These 
arrays with different geometries have been produced 
through various techniques [22]. Recently, quantum antidot 
lattices in graphene have attracted much attention [12]. 
This interest is due to the point that by generating an array 
of holes (quantum antidots) in the graphene layer, a band 
gap (which is essential for using graphene in transistor 
architectures) can be shaped. The size of the gap can be 
adjusted by changing the geometry of the quantum antidot 
shape, the size of the antidot shape, and the number of 
separated atoms [23]. Besides, in recent studies, the 
thermoelectric properties of two-dimensional graphene 
antidot lattices have been examined. This has resulted in 
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generating materials that have high ZT. It has also been 
shown that ZT can be enhanced through the creation of 
quantum antidots in the electrodes of graphene 
nanoribbons [6]. Graphene and germanene are common in 
their honeycomb lattice structures. However, the larger 
ionic radius of germanium, in comparison to carbon, causes 
the buckling of the lattice [23, 24]. Since, buckling has effects 
on the vibrational modes of germanene, phonon heat 
conduction decreases. Recently, researchers have become 
interested in the thermoelectric properties of germanene 
nanoribbons (GeNRs) owing to their quantum restrictions 
caused by buckling. This restriction can lead to a significant 
increase in the figure of merit in this structure [1]. Creating 
quantum antidots in such structures generates new 
quantum confinements. This issue can be promising for a 
material with a higher figure of merit [25]. The 
thermoelectric properties of GeNRs defected by quantum 
antidots have not been investigated as they deserve.  

In this study, we utilize both the non-equilibrium 
Green’s function (NEGF) method and the tight-binding 
model to compare the thermoelectric characteristics of two 
types of armchair germanene nanoribbons (AGeNR). The 
first type is a pristine AGeNR, while the second type is an 
AGeNR defected by quantum antidot arrays, also known as 
armchair germanene nanomesh (AGeNM). We design 
AGeNMs using quantum antidots in the shapes of symmetric 
and asymmetric rhomboids. We investigate the 
thermoelectric properties of both pristine AGeNR and 
AGeNMs. Our findings show that by introducing quantum 
antidots and adjusting the temperature appropriately, these 
AGeNMs can achieve remarkably high ZT values, indicating 
their potential for thermoelectric applications. We observe 
that the presence of quantum antidots in the germanene 
nanoribbon significantly reduces thermal conductance. 
Furthermore, we conclude that the existence of quantum 
antidot arrays enhances the Seebeck coefficient due to the 

quantum interference phenomenon within the system. 
These characteristics play a vital role in improving the 
thermoelectric efficiency factor and increasing the value of 
ZT. Therefore, by creating symmetric and asymmetric 
rhomboid quantum antidots, the thermoelectric behavior of 
AGeNRs can be improved through interference effects and 
the reduction of electron and phonon mean free path. The 
symmetry of the defects is an essential factor in modifying 
the thermoelectric properties of AGeNMs. When the 
quantum antidot arrays have symmetric shapes, their 
thermoelectric properties resemble those of pristine 
AGeNR. Thus, by considering the symmetry or asymmetry 
of the shape, the thermoelectric properties of the system 
can be adjusted. 

The motivation of the present work is to explore the 
thermoelectric properties of nanoscopic systems, with a 
focus on AGeNR and their defected counterparts, AGeNM. 
The work is driven by the potential to convert heat into 
electrical energy at the nanoscale, which has garnered 
significant attention due to its implications for improving 
the efficiency of thermoelectric devices. 

2.   Model and the computational scheme  

The top and side views of the molecular structure of 
armchair germanene are shown in Figure 1. In the present 

research, one armchair germanene nanoribbon with the 
width of N=11, connected to two semi-infinite electrodes, 
was considered. It has been presented in Figure 2, and 
Figure 3 illustrates the different configurations of quantum 
antidot arrays in the middle region of AGeNR and its 
electrodes with the width of N=11 considered in this study 
(AGeNMs).  Different types of quantum antidot arrays 
displayed in these figures are symmetric and asymmetric 
rhomboid-type quantum antidot arrays. 

 
(a) (b) 

 
Fig. 1. (a) Top and (b) side view of armchair germanene molecular structure. 
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Fig. 2.  The schematic view of armchair germanene nanoribbon with width of N=11 connected to two electrodes with hot and cold source. 

 
(a) 

 
(b) 

 
Fig. 3. The schematic view of nanoribbons of two different quantum antidot arrays with (a) symmetric rhomboid, and (b) asymmetric rhomboid 
topologies connected to two electrodes with hot and cold source. 

 

 
To determine the thermoelectric properties of AGeNR 

and AGeNMs, the nearest-neighbor tight-binding (TB) 
model and the non-equilibrium Green's function (NEGF) 
formulation approach have been utilized [26-29]. 
Hamiltonian matrix for a typical junction such as the AGeNR 
and AGeNM model in terms of Hamiltonian sub-matrixes 
may be written as:  

 (1) 

 

Where  is a one-band tight-binding approximation 

description of the left (L) and right (R) electrodes. , the 

Hamiltonian of the AGeNR and AGeNM,  with  

the Hamiltonian of left (right) electrode and , the 

Hamiltonian of the coupling between the central surface and 
electrodes within the tight-binding model, have the 
following forms: 
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The operator  is responsible for creating 

(annihilating) an electron with spin α at the site and t =

-1.3 eV represents the hopping energy between nearest 

neighbors, being zero otherwise. Summation over and 

 denotes the inclusion of nearest and next-nearest 

neighbors, respectively. In Equation (3), the second term 

signifies the effective spin-orbit (SO) coupling with a value of 

𝜆𝑆𝑂 = 43𝑚𝑒𝑉. In this equation,  refers to 
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the Pauli spin matrix. If the next-nearest neighbor hopping 
is in the clockwise (anticlockwise) direction relative to the 

positive z-axis, the parameter ij  will take a value of +1 (-

1). The third term in Equation (3) describes the intrinsic 
Rashba interaction and involves the parameter 𝜆𝑅𝑎 =

10.7𝑚𝑒𝑉. Here, for A(B) sites, 

, and  represents a vector connecting i and j sites within the 

same sublattice [30]. The retarded Green’s function  

and Γ, denoting the broadening function are given by: 

    𝐺𝑟(𝐸) = [(𝐸 + 𝑖𝜂)𝐼 − 𝐻𝑐 − 𝛴𝜎
𝑟(𝐸)]−1 

              (4) 
    𝛤𝐿(𝑅)(𝐸) = 𝑖[𝛴𝐿(𝑅)(𝐸) − (𝛴𝐿(𝑅)𝐴(𝐸))+] 

 

The variable  represents the 

overall self-energy, which accounts for the impact of both 
the left and the right electrodes. Consequently, the 
transmission function, denoted as T, can be determined 
using the following equation for the non-interacting system 
[31]: 

𝑇(𝐸) = 𝑇𝑟[𝛤𝐿𝐺𝑟𝛤𝑅(𝐺𝑟)†] (5) 

The Landauer formula for a two dimensional systems 
(potential step scattering) can be written as [31]: 

𝐼 =
2𝑒

ℎ
∫ 𝑇(𝐸)[𝑓𝐿(𝐸) − 𝑓𝑅(𝐸)]𝑑𝐸 (6) 

)(RLf  represents the Fermi distribution function for the 

left and right electrodes and 𝑓𝐿(𝐸) − 𝑓𝑅(𝐸) = [1 +

𝑒𝑥𝑝 (
𝐸−𝜇𝐿

𝐾𝐵𝑇
)]

−1

− [1 + 𝑒𝑥𝑝 (
𝐸−𝜇𝑅

𝐾𝐵𝑇
)]

−1

 is closely associated 

with the temperature of the electrodes, with 
LT  and 

RT  

representing the temperatures of the left and the right 
electrodes, respectively. Because of the disparity in Fermi 
distributions, carriers with energy higher than the Fermi 
energy flow from the higher temperature left electrode to 
the lower temperature right electrode, leading to both 
electron and phonon currents. The non-equilibrium Green's 
function method is employed to determine the phonon 
transmission Tph(ω) , where   denotes the phonon 

frequency. Subsequently, the Landauer-Büttiker formalism 
is utilized to compute the quasi-ballistic thermal 
conductance [26]: 

𝑘𝑝ℎ =
𝑘𝐵

2𝑇0

ℎ
∫ 𝑑𝑥

𝑥2𝑒𝑥

(𝑒𝑥 − 1)2
𝑇𝑝ℎ(

𝑘𝐵𝑇0

ℏ
𝑥)

∞

0

 (7) 

Where 
Bk  , h and 0T , are Boltzmann constant, Planck 

constant, and absolute temperature, respectively. The x  

function is defined as 𝑥 =
ℏ𝜔

𝑘𝐵𝑇0
.  Therefore, by having access 

to electronic transmission and thermal conductance, one 
can compute the thermoelectric properties of the junction 
using the following parameters [27-29]: 

𝐺 = 𝑒2𝐿0 (8) 

𝑘𝑒 =
1

𝑇0

(𝐿2 −
𝐿1

2

𝐿0

) (9) 

𝑆 = −
1

𝑒𝑇0

𝐿1

𝐿0

 (10) 

𝑍𝑇 =
|𝐺|𝑆2𝑇0

𝑘𝑒 + 𝑘𝑝ℎ

 (11) 

 

Where the transport coefficient nL given as [32] :  

𝐿𝑛 =
1

ℎ
∫ 𝑇(𝐸)(𝐸 − 𝜇)𝑛 [−

𝜕𝑓(𝐸)

𝜕𝐸
]

𝜇,𝑇
𝑑𝐸   (12) 

3. Results and discussion 

The band structure analysis of the armchair germanene 
nanoribbons revealed distinct variations in the band gaps 
across the different nanostructures. As seen in Figure 4, the 
AGeNR exhibits a complete absence of a band gap, indicating 
metallic behavior.  
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Fig. 4. Band structures of AGeNR (black curve) and AGeNMs with the 
symmetric (blue curve) and asymmetric (red curve) rhomboid-type 
quantum antidot arrays.  

 
In contrast, the AGeNM with a symmetric rhomboid 

demonstrated a finite band gap of 0.14 eV, while the AGeNM 
with an asymmetric rhomboid exhibited a larger band gap 
of 0.31 eV. This disparity in band gap widths among the 
three nanostructures underscores the notable influence of 
geometric configurations on the electronic properties of 
germanene nanoribbons. These findings not only provide 
valuable insights into the fundamental relationship 
between nanostructure geometry and electronic behavior 
but also offer potential avenues for tailoring the electronic 
properties of germanene-based nanostructures for specific 
applications in nanoelectronics and nanodevices. The 
observed variations in the band gaps of the germanene 
nanoribbons have direct implications for their 
thermoelectric properties. The presence of different band 
gap widths across the nanostructures suggests distinct 
electronic transport behaviors, influencing the materials’ 
thermoelectric performance. Specifically, the presence of 
band gaps in the nanoribbons can affect their electrical 
conductivity and ZT, potentially influencing their overall 
thermoelectric efficiency. Therefore, understanding and 
manipulating the band structure and its impact on the 
thermoelectric properties of these nanoribbons is crucial 
for optimizing their potential in thermoelectric 
applications. 

We now aim to investigate the heat transfer properties 
of AGeNR and AGeNMs. Figure 5 demonstrates the phonon 
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thermal conductance of AGeNR and AGeNMs, where 
quantum antidot arrays are placed in the central region and 
the electrodes of the nanoribbons. When the quantum 
antidot arrays are created in the nanoribbon, the phonon 
thermal conductance quickly decreases. The phonon 
thermal conductance of the pristine AGeNR at TL=300 K is 
about 2.26 nW/K.  

0 100 200 300

0

1

2

K
p

h
(n

W
/K

)

T
L
(K)

 pristine AGeNR

 symmetric rhomboid-type AGeNM

 asymmetric rhomboid-type AGeNM

 
Fig. 5. Phonon thermal conductance as a function of temperature for 
N=11 AGeNR and two different AGeNM 

 
The behavior of the phonon thermal conductivity curve 

exhibited excellent agreement with the findings presented 
in Yang et al. [33], indicating an increase in phonon thermal 
conductivity with rising temperatures. Furthermore, the 
asymmetric rhomboid-type AGeNM has less thermal 
conductance in comparison to the symmetric rhomboid-
type AGeNM. For example, at TL=300 K the phonon thermal 
conductance of the asymmetric rhomboid-type AGeNM is 
approximately 0.34 nW/K, while this value for the 
symmetric rhomboid-type AGeNM is about 1.06 nW/K. The 
curves have a similar trend as a function of temperature; 
however, it is obvious that for asymmetric rhomboid-type 

AGeNM, the reduction of phk , in comparison to pristine 

AGeNR, can be more than 85%. For both kinds of AGeNM, a 

strong reduction of phk   in comparison with the pristine 

AGeNR can be seen in the whole temperature range. The 
main reason for this significant reduction is the scattering of 
defect-phonon. The primary factor contributing to this 
substantial reduction is the scattering of defect-phonons in 
the structures. The introduction of quantum antidot arrays 
in the nanoribbon leads to a rapid decrease in phonon 
thermal conductance. As a result, the phonon transport in 
AGeNR and AGeNMs is significantly hindered by the 
presence of defects, resulting in a lower thermal 
conductance overall. These findings highlight the potential 
for controlling and manipulating heat transport properties 
in AGeNR and AGeNMs by introducing quantum antidot 
arrays and altering the geometry of the structures. The 
observed reductions in thermal conductance have 
important implications for the design and optimization of 
these materials for various applications in thermoelectric 
devices and heat management systems. 

In Figure 6, the Seebeck coefficient, the electron thermal 
conductance, the electric conductance, and the figure of 
merit of the pristine AGeNR and AGeNMs as a function of 
chemical potential have been shown. To calculate the 

quantities in our system, we assume 
L =

R =0, 
RT =0𝐾 

and 
LT = 300𝐾. These plots demonstrate different 

thermoelectric quantities for AGeNR (black lines), 
symmetric rhomboid-type AGeNM (red lines), and 
asymmetric rhomboid-type AGeNM (blue lines).  

In Figure 6(a), the Seebeck coefficient of pristine AGeNR 
and AGeNMs can be seen. The magnitude of the main peak S 
value in pristine AGeNR, symmetric rhomboid-type, and 
asymmetric rhomboid-type AGeNM, at 𝜇 = 0.2𝑒𝑉, is 
approximately 0.023 mV/K, 0.26 mV/K, and 0.57 mV/K, 
respectively. On the other hand, by applying quantum 
antidots, the Seebeck coefficient exhibits a significant 
increase because of breaking electron–hole symmetry and 
the quantum interference impacts. This point has been 
presented in Figure 6(a). The observed increase in the 
Seebeck coefficient due to the presence of quantum antidots 
is of great interest for thermoelectric applications. By 
breaking the electron-hole symmetry and inducing 
quantum interference, the introduction of quantum antidots 
leads to enhanced thermoelectric performance in AGeNMs. 
The asymmetric rhomboid-type AGeNM with quantum 
antidots exhibits the highest Seebeck coefficient, indicating 
its potential for efficient thermoelectric energy conversion. 
The higher Seebeck coefficient suggests a greater ability to 
generate electric voltage in response to temperature 
gradients, making it a promising candidate for 
thermoelectric devices. 

In Figure 6(b) and (c), it can be seen that when quantum 
antidot arrays are applied, the electric conductance and the 
electron thermal conductance display a significant 

reduction in the center of the band ( 0= ). For example, 

the electric conductance for symmetric rhomboid-type 
AGeNM and asymmetric rhomboid-type AGeNM reduces by 
about 56% and 72%, respectively, and electron thermal 
conductance decreases for the same by about 37% and 57%, 
respectively. These reductions in electric conductance and 
electron thermal conductance highlight the influence of 
quantum antidots on the transport properties of AGeNM 
structures. The presence of quantum antidots disrupts the 
flow of electrons, leading to a decrease in both electric and 
thermal conductivity. 

In Figure 6(d), one can observe that by imposing the 
quantum antidot arrays in nanoribbons, the ZT value 
significantly increases. This increase is due to the scattering 
of electrons and phonons. Moreover, the magnitudes of the 
ZT peak in the asymmetric rhomboid-type AGeNM are 
higher than those of the symmetric rhomboid-type AGeNM. 
The increase of the ZT peak values in asymmetric rhomboid-
type AGNM originates from the increase of S2G and the 
reduction of thermal conductance. The scattering of 
phonons by the quantum antidot arrays leads to a reduction 
in thermal conductivity, resulting in improved energy 
conversion efficiency. Overall, the imposition of quantum 
antidot arrays in AGeNM nanoribbons offers a promising 
approach for enhancing the ZT value. By effectively 
scattering both electrons and phonons, quantum antidots 
contribute to the improvement of the power factor and the 
reduction of thermal conductance, ultimately boosting the 
efficiency of thermoelectric devices. These findings 
highlight the potential of quantum antidots as a means to 
optimize the thermoelectric performance of AGeNM 
materials, paving the way for the development of high-
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efficiency thermoelectric devices for energy harvesting and 
waste heat recovery applications. 
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potential µ, for a fixed temperature TL = 300K. Results are shown for a 
N=11 AGeNR and two different AGeNM. 

 
Several articles have reported an increase in the Seebeck 

coefficient and thermoelectric gain, accompanied by a 
decrease in electrical and thermal conductivity, as a result 
of defects present in nanoribbons [2, 3, 34-36]. These 
observations align with the findings presented in this work, 
demonstrate consistency with previous studies. 

In Figure 7, ZTmax has been depicted as a function of 
electrode temperature. The temperature ranges from 300 K 
to 700 K, and the temperature of the right electrode has 
been considered to be TR=0 K. The interesting feature of 
Figure 7 is that along with the temperature of the left 
electrode, ZTmax reduces uniformly. It can also be seen that 
the highest value of (ZT=9) belongs to the asymmetric 
rhomboid-type AGeNM at T=300K  .This value is noticeable 
and indicates that this type of AGNM is extremely useful for 
thermoelectric applications. The decrease in ZT value with 
the increase in the temperature of the left electrode can be 
attributed to several factors. One of the primary reasons is 
the increase in the phonon thermal conductivity at higher 
temperatures. Phonons are quantum of vibrational 
mechanical energy of lattice that contribute to heat transfer 
in materials. As the left electrode temperature increases, the 
phonons carry more heat, resulting in higher thermal 
conductivity. This increased thermal conductivity leads to a 
decrease in the thermoelectric efficiency, causing a 
reduction in ZT value. Another reason for the decrease in ZT 
value with an increase in the temperature of the left 
electrode is the widening of the energy gap between the 
valence and conduction bands. At higher temperatures, 
more electrons in the valence band gain sufficient energy to 
transition to the conduction band, reducing the number of 
available charge carriers for thermoelectric processes. This 
decrease in charge carrier concentration further 
contributes to the decrease in the thermoelectric efficiency 
and subsequently lowers the ZT value. At higher 
temperatures, the Seebeck coefficient may decrease due to 
changes in the electronic band structure or scattering 
mechanisms, leading to a reduction in the voltage output 

per unit temperature difference. The reduction of the 
Seebeck coefficient of AGeNR and AGeNMs with increasing 
temperature is clearly depicted in Figure 8.  This decrease 
in the Seebeck coefficient contributes to a decrease in the 
thermoelectric efficiency and subsequently lowers the 
overall ZT value. Previous studies on germanene 
nanoribbons have also reported a decrease in the figure of 
merit with increasing temperature [33-37] . 
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Fig. 7. Maximum figure of merit as a function of left electrode 
temperature (Righ electrode kept constant in TR=0 K) for a N=11 
AGeNR and two different AGeNM. 

 
The thermoelectric properties of the two rhomboid-type 

AGeNMs analyzed in this study exhibit significant 
variations. Although both systems have a similar number of 
extracted atoms, their thermoelectric properties manifest 
notable distinctions. These disparities arise not only from 
the absence of symmetry in the asymmetric rhomboid-type 
AGeNM but also from the unique geometry specific to this 
AGeNM type. In an asymmetric rhomboid AGeNM, the 
distance between the quantum antidots and the nanoribbon 
edges is shorter than in a symmetric rhomboid AGeNM. 
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Fig. 8. Maximum Seebeck coefficient as a function of left electrode 
temperature (Righ electrode kept constant in TR=0 K) for a N=11 
AGeNR and two different AGeNM.  

 

4. Conclusions 
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In this study, we examined the thermoelectric properties 
of pristine armchair germanene nanoribbons (AGeNR) and 
germanene nanoribbons defected by quantum antidot 
arrays with symmetric and asymmetric rhombus shapes 
(AGeNMs). For these nanoribbons, we obtained the phonon 
and electron thermal conductance, the electric conductance, 
the Seebeck coefficient, and the figure of merit. Applying 
quantum antidots increased the scattering of phonon-
defect. Hence, there was a significant decrease in the 
phonon thermal conductance across a wide temperature 
range. Furthermore, imposing quantum antidot arrays 
resulted in breaking electron–hole symmetry and the 
quantum interference impacts. As a consequence, the 
Seebeck coefficient increased.  The effect of left electrode 
temperature on the figure of merit in these nanoribbons 
was also investigated in this study. It was shown that the 
best temperature to have an appropriate figure of merit for 
the given nanoribbons is 300K (TL=300K). The results also 
showed that the highest value of ZT belongs to asymmetric 
rhomboid AGeNM. This finding indicates that AGeNMs, 
especially in asymmetric rhomboid type, can be promising 
for thermoelectric applications.  
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